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In their activity, the traders approximate the rate of return by integer multiples of
a minimal one. Therefore, it can be regarded as a quantized variable. On the other hand,
there is the impossibility of observing the rate of return and its instantaneous forward
time derivative, even if we consider it as a continuous variable. We present a quantum
model for the rate of return based on the mathematical formalism used in the case of
quantum systems with finite-dimensional Hilbert space. The rate of return is described
by a discrete wave function and its time evolution by a Schro¨dinger type equation.
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1. INTRODUCTION
The mathematical modeling of price dynamics in a stock market is a very com-
plex problem [1-9]. A given stock has not a definite price until it is traded. The price
is exactly known only at the time of sale when the stock is between the traders. We
can never simultaneously know both the price of a stock and its owner [7-11]. On
the other hand, there is the impossibility of observing prices and their instantaneous
forward time derivative [12]. The stock price ℘ is a discrete variable, not a continu-
ous one. It is an integer multiple of a certain minimal quantity, a sort of ‘quantum’
of cash. The rate of return in a trading day
R= ℘−℘0
℘0
(1)
where ℘0 is the previous day’s closing price, is also ‘quantized’. The rate of return
being directly related to the price, there is the impossibility of observing the rate of
return and its instantaneous forward time derivative.
The methods of quantum mechanics are among the tools used in order to get
a deeper insight in the complexity of the financial markets. Our aim is to present
a quantum model for the rate of return. We shall take into consideration only the
case of stock markets with price limit rule: the rate of return in a trading day can not
exceed a fixed limit ±q% (for example, in most Chinese stock markets q = 10). By
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choosing 1% as a ‘quantum’ for the rate of return, the set of all the possible values of
R is
L= {−q,−q+1, ... , q−1, q}.
2. A FINITE-DIMENSIONAL QUANTUM MODEL
Let d=2q+1. The space H of all the functions
ψ : L −→ C
considered together with the scalar product
〈ψ,ϕ〉 =
q∑
n=−q
ψ(n) ϕ(n) (2)
is a d-dimensional Hilbert space isomorphic to Cd. For each function ψ we use
Dirac’s notation |ψ〉 as an alternative notation, and the notation 〈ψ| for the linear
form
〈ψ| :H−→ C : |ϕ〉 7→ 〈ψ|ϕ〉.
The normalized function corresponding to ψ 6= 0, namely,
Ψ : L −→ C, Ψ(n) = 1√〈ψ,ψ〉 ψ(n) (3)
satisfies the relation
q∑
n=−q
|Ψ(n)|2 = 1. (4)
Following the analogy with the case of quantum systems [13, 14], we describe the
‘state of our financial system’ by a normalized function Ψ:L−→C and consider that
|Ψ(n)|2
represents the probability to have a return rate equal to n%.
The set of functions {|δn〉}qn=−q, where
δn : L −→ C, δn(k) =
{
1 for k = n
0 for k 6= n (5)
is an orthonormal basis in H, that is, we have the relations
q∑
n=−q
|δn〉〈δn|= I and 〈δn|δm〉=
{
1 for n=m
0 for n 6=m (6)
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where I :H→H is the identity operator I|ψ〉= |ψ〉. Since 〈δn|ψ〉 = ψ(n), we have
|ψ〉=
q∑
n=−q
ψ(n) |δn〉 and 〈ψ|=
q∑
n=−q
ψ(n) 〈δn|. (7)
By following the analogy with the case of quantum systems [13, 14], we define the
Hermitian operator corresponding to the rate of return as
Rˆ :H−→H, Rˆ=
q∑
n=−q
n |δn〉〈δn| (8)
that is, in terms of functions, as
H−→H : Ψ 7→ RˆΨ with (RˆΨ)(n) = nΨ(n). (9)
The function |δn〉 is an eigenfunction of Rˆ corresponding to the eigenvalue n
Rˆ|δn〉= n |δn〉. (10)
The finite Fourier transform
F :H−→H, F = 1√
d
q∑
k,n=−q
e−
2pii
d
kn |δk〉〈δn| (11)
is a unitary transformation. Its inverse is the adjoint transformation
F+ :H−→H, F+ = 1√
d
q∑
k,n=−q
e
2pii
d
kn |δk〉〈δn| (12)
and
|ψ〉= F+|ϕ〉 =⇒ 〈ψ| = 〈ϕ|F . (13)
The set of functions {|δ˜n〉}qn=−q , where |δ˜n〉= F+|δn〉, that is,
δ˜n : L −→ C, δ˜n(k) = 1√
d
e
2pii
d
kn (14)
is an orthonormal basis in H, that is, we have the relations
q∑
n=−q
|δ˜n〉〈δ˜n|= I and 〈δ˜n|δ˜m〉=
{
1 for n=m
0 for n 6=m. (15)
We define the operator corresponding to the trend of the rate of return, namely,
Tˆ :H−→H, Tˆ =
q∑
n=−q
n |δ˜n〉〈δ˜n| (16)
by following the analogy with the operator corresponding to the momentum in the
case of the quantum systems with finite-dimensional Hilbert space [14]. The function
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|δ˜n〉 is an eigenfunction of Tˆ corresponding to the eigenvalue n
Tˆ |δ˜n〉= n |δ˜n〉 (17)
and
Tˆ =
q∑
n=−q
n |δ˜n〉〈δ˜n|=
q∑
n=−q
nF+|δn〉〈δn|F = F+RˆF
that is,
Tˆ = F+RˆF . (18)
In the case of a normalized function Ψ, the numbers
〈Rˆ〉= 〈Ψ,RˆΨ〉=
q∑
n=−q
Ψ(n) RˆΨ(n) =
q∑
n=−q
n |Ψ(n)|2
〈Tˆ 〉= 〈Ψ, Tˆ Ψ〉= 〈Ψ,F+RˆFΨ〉= 〈F [Ψ],RˆF [Ψ]〉=
q∑
n=−q
n |F [Ψ](n)|2
represent the mean value of the rate of return and of the trend, respectively.
The other financial variables are also described by Hermitian operators. For
example, the relation (1), written in the form
℘= ℘0+℘0R
allows us to define the price operator as
℘ˆ= ℘0 I+℘0 Rˆ. (19)
3. TIME EVOLUTION OF THE RATE OF RETURN
By following the analogy with the quantum systems [13], we assume that there
exists a Hermitian operator of the form
Hˆ = 12µ Tˆ 2+V(Rˆ, t) (20)
called the Hamiltonian (µ is a positive constant), such that the function
L×R−→C : (n,t) 7→Ψ(n,t)
describing the time evolution of the state of our financial system satisfies the Schro¨dinger
equation
i
∂Ψ
∂t
= HˆΨ. (21)
The time dependent function Ψ(n,t) is well-determined by its values Ψ(n,0) at t=0.
The rate of return of the stock market in equilibrium is usually described by a
Gaussian function [8]. The Jacobi theta function [16]
θ3(z,τ) =
∞∑
α=−∞
eipiτα
2
e2piiαz (22)
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has several remarkable properties among which we mention:
θ3(z+1, τ) = θ3(z,τ) (23)
θ3(z, iτ) =
1√
τ
exp−
piz
2
τ θ3
(
z
iτ
,
i
τ
)
(24)
and [15, 16]
θ3
(
k
d
,
iκ
d
)
=
1√
κd
q∑
n=−q
e−
2pii
d
kn θ3
(
n
d
,
i
κd
)
. (25)
For any κ ∈ (0,∞) the function
γκ : L −→ C, γκ(n) =
∞∑
m=−∞
e−
κpi
d
(md+n)2 (26)
can be expressed in terms of the Jacobi function θ3 as
γκ(n) =
1√
κd
θ3
(
n
d
,
i
κd
)
(27)
and the relation (25) becomes
F [γκ] = 1√
κ
γ 1
κ
. (28)
Since ||γ 1
κ
||=√κ ||F [γκ]||=
√
κ ||γκ||, the normalized function
Υκ : L −→ C, Υκ(n) = γκ(n)||γκ||
satisfies the relation
F [Υκ] = Υ 1
κ
. (29)
The function Υκ can be regarded as a discrete version of the Gaussian function (see
Fig. 1) depending on a parameter κ∈(0,∞).
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Fig. 1 – The functions γ0.2 (left), γ1 (center) and γ2 (right) in the case q = 10.
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Fig. 2 – The probability |Ψ(n,t)|2 to have a rate of return equal to n% for t=0, 1800, 3600, 7200,
14400 and 28800 in the particular case q=10, κ=0.2, µ=1, β=1/10, ω=1/5000.
In the case of a Hamiltonian (20), the kinetic part 12µ Tˆ 2 represents the efforts
of the traders to change prices [7]. The intensive exchange of information in the
world of finances is one of the main sources determining dynamics of prices. The
potential part V(Rˆ, t) of Hˆ describes the interactions between traders as well as
external economic conditions and even meteorological conditions [7].
The total effect of market information affecting the stock price at a certain
time determines either the stock price’s rise or the stock price’s decline. In order to
illustrate our model, by following [8], we consider an idealized model in which we
assume two type of information appear periodically. We choose a cosine function
cosωt to simulate the fluctuation of the information and use the Hamiltonian
Hˆ = 12µ Tˆ 2+β Rˆcosωt. (30)
where β is a constant. The solution of the Schro¨dinger equation
i
∂Ψ
∂t
=
[
1
2µ
Tˆ 2+β Rˆcosωt
]
Ψ (31)
can be obtained by using a program in Mathematica [17]. We assume that at the
opening time (t = 0) of the stock market, the wave function describing the rate of
return is the function Υκ (corresponding to a certain κ), that is,
Ψ(n,0) = Υκ(n). (32)
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The distribution of the probabilities |Ψ(n,t)|2 corresponding to the possible values n
of the rate of return at certain moments of time are presented in Fig. 2. We can remark
that, for certain moments of time (t=28800 seconds, in the presented example), the
previsions of our model may be ambiguous.
4. CONCLUDING REMARKS
The quantum models facilitate the description of phenomena not fully ex-
plained by the classical models. The proposed approach takes into consideration
the discrete nature of the financial variables and keeps the essential characteristics of
a usual infinite-dimensional model [8]. It uses a simpler mathematical formalism:
finite sums instead of integrals, operators defined on the whole Hilbert space and
with finite spectrum, system of first order differential equations instead of a second
order differential equation with partial derivatives, etc.
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